I. INTRODUCTION
The decay constants f P in the pseudoscalar (P) channel, being important characteristics of mesons, in many cases can be directly measured in experiment, and therefore they can provide a precise manner to compare different theoretical approaches and check their accuracy. During the last decade the constants f P have been studied by many authors in potential models [1, 2, 3, 4, 5, 6, 7, 8] , in the QCD sum rule method [9, 10] , in lattice simulations [11, 12, 13, 14] , as well as in experiment [15, 16, 17, 18, 19] .(The papers [2, 3, 4, 5, 6, 7] contain references and a summary of numerous calculations of decay constants).
The present article is devoted to the systematic derivation of the meson Green's functions in QCD and study of the decay constants for channels with arbitrary quantum numbers Γ, of which we specifically consider P and vector (V) channels. For the decay constant f Γ transparent analytical expressions will be obtained and in particular, using those, the difference between f Ds and f D , f Bs and f B can be easily explained.
This paper is an improvement and extension of the earlier paper [20] devoted to the heavy-light (HL) pseudoscalars. Ref. [20] appeared before the systematic formulation of The Field Correlator Method (FCM) [21] , in particular, before the derivation of the string Hamiltonian [22] , therefore some steps in [20] were not accurately proved. In this paper we give a consistent and general treatment of the meson Green's function and its spectral properties. The main problem, which one encounters when addressing the spectral properties in QCD, is the necessity to include quantitative nonperturbative (NP) methods, which are responsible for the main dynamical phenomena: confinement and chiral symmetry breaking (CSB).
In the FCM, introduced in [23] , one derives the effective Hamiltonian, which comprises both confinement and relativistic effects, and contains only universal quantities: the string tension σ, the strong coupling α s , and the current (pole) quark masses m i . We use here the pole quark masses which correspond to the conventional current (Lagrangian) masses m q (m q ) [16] . The simple local form of this Hamiltonian, which will be called the string Hamiltonian (SH), occurs for objects with temporal scales larger than the vacuum gluon correlation length, T g ≈ 0.2 fm, i.e., it is applicable to all QCD bound states with an exception of toponium. Explicit calculations of masses and wave functions with the use of the SH have been done recently for light mesons [24] , heavy quarkonia [25] , and heavy-light mesons [26] , and demonstrate good agreement with experimental masses, leptonic widths, and fine structure effects.
As compared to QCD sum rules and lattice QCD this method has an essential advantage, because the radial and orbital excitations can be considered in this approach on the same grounds as the ground states.
The calculation of spectral coefficients, like decay constants f Γ , needs an additional step,namely, besides using the SH the computation of all coefficients in the Green's function, including the Dirac spinor structure etc. Moreover, for π and K mesons CSB is vitally important. Recently the FCM was extended to include the effects of CSB [27] , where it was shown that the phenomenon of CSB occurs due to confinement and two characteristic parameters of CSB -the chiral condensate and f π -were computed in terms of σ. The calculation of f π and f K can be done using a simple extension of general expression (23) , derived in Ref. [27] , while here we concentrate on the calculations of the masses and f Γ of HL mesons; our method also enables one to calculate f Γ for excited states and here decay constants will be calculated for the 2S states.
One important technical problem, which is solved in this paper and allows one to calculate f Γ in all channels, is the accurate einbein reformulation of the Fock-Feynman-Schwinger Representation (FFSR), or the world-line representation, where the dynamical quark mass ω q appears as an integration variable instead of the proper time. The previous step in this direction [22] has enabled one to write only the string Hamiltonian, but the whole Green's function was not attainable. Below in the FFSR we derive the explicit einbein form of the meson Green's function.
The paper is organized as follows: in Section II the general einbein form of the meson Green's function is presented, while in Appendices A -C the details of the derivation are given. In Section III the masses of the heavy-light pseudoscalar mesons are considered.
The decay constants are calculated in Section 4, while auxiliary variables are given in Appendices D and E. Section V is devoted to the approximations used in our calculations and Section VI contains our concluding remarks.
II. THE MESON GREEN'S FUNCTION IN THE FFSR
Here we derive the einbein form of the meson Green's function written as the path integral in the FFSR [28, 29, 30] . We start with the FFSR for the quark Green's function in the gluonic field A µ , which contains both perturbative and NP contributions and Euclidean space-time is assumed everywhere:
where
In Eq.
(1) the role of the evolution parameter is played by the proper time s, whereas in (Dz) xy there is an integration over the fourth component z 4 (τ ), (0 ≤ τ ≤ s), which is the Euclidean time of the particle. The crucial point now is to go over in Eq.
(1) to the Euclidean time z 4 ≡ t as an evolution parameter. To get rid of the proper time s, one can use the so-called einbein method [31] , which was applied to the FFSR in Ref. [22, 30] , and here it is developed and used for the correlator of the currents.
To this end the so-called dynamical mass (variable) ω(t) can be introduced via the relation between the proper time τ and Euclidean time t:
The integrals in Eq. (1) can now be identically rewritten as
In Appendix A the representations (1), (5) are illustrated by calculating the free quark propagator, where the meaning of ω(k) andω in the momentum representation appears to be very simple:ω = ω(k) = p 2 + m 2 .
We now turn to the meson (quark-antiquark) case and consider the correlator G Γ (x) of the currents j Γ (x):
for S, P, V, and A channels,
and
In (8) we have defined the new quantity Y Γ :
which can also be written in the operator form:
with p
µ (p i = p µ γ µ ) -the momentum of particle i as it is derived in Appendix B for the convenience of the reader (tr L means the trace over Dirac indices). The resulting expressions for Y Γ in the V, A, S, and P channels are given below in Eqs. (35) .
In (8) the symbol W σ = Φ σ 1 (x, y)Φ σ 2 (y, x) stands for the average value of the Wilson loop with the insertions of the operator
for the quark line and of the operator Λ (2) σ for the antiquark line:
Since in HL mesons we will consider spin-effects as a perturbation, in the first approximation both factors Λ
σ and Λ (2) σ are replaced by 1 and W σ is simplified. In Appendix C one can find all explicit steps for the derivation of the correlator (8) in the simplest case when the gluon interaction is absent, i.e., for W σ ≡ 1. One can see there that the quark-loop contribution is reconstructed with the correct coefficients. Now we turn to the case when the NP interaction is included in W σ .
In general, W σ contains all effects of the interaction which include: (i) the perturbative static gluon exchange; (ii) the radiative corrections to G Γ in the form of the operator anomalous dimension and corrections to f Γ ; (iii) the NP contributions to G Γ . To calculate all of them one can use the background perturbation theory [32, 33] and the FCM. For all hadrons of interest to us (with a size larger than T g ≈ 0.2 fm) the use of the FCM reduces to the appearance of the area-law factor in W σ , which is accompanied by Coulomb, radiative, and spin-dependent factors. (For more discussion see the reviews [30, 34] ). As was shown in Refs. [33, 34] this produces (apart from radiative corrections) the local interactionV (r), which for not so large angular momentum (L ≤ 4) can be presented as
where the interaction,V
contains the static potential:
and the spin-dependent part V SD (r) given by:
with spin-spin, spin-orbit, and tensor terms; the self-energy contribution V SE [35] , and also a "string correction" (occurring only for the states with L = 0 [22, 24] ). For the S-wave
while for the spin-averaged masses only two terms are left in the potential, V (r) = V 0 (r) + V SE . In Section V we shall also take into account radiative corrections and the operator anomalous dimension.
One can now rewrite G Γ in Eq. (8), separating c.m. and relative distance coordinates,
where all coordinates are labelled with the index k as in Eq. (6).
Integrating out the c.m. coordinate dρ and dω + = ω 1 + ω 2 , as shown in Appendix C, one arrives at the path integral in the relative coordinate dη, which can be expressed through the SH. Indeed, from the path integral formalism [30, 36] it is known that a general equivalence relation holds:
Taking into account the integral (see Appendix C):
one obtains the important relation:
where the Hamiltonian isĤ
Then with the use of the spectral expansion the expression (21) can be presented as
where ϕ n and M n are the eigenfunction (e.f.) and the eigenvalue (e.v.) of the Hamiltonian (22) . It follows from the extremum conditions (D.7) that the variablesω 1 andω 2 in Eq. (21) are defined as the operators,ω
while in Eq. (19) ω i n is the matrix element over this operator for the nL state.
On the other hand for the l.h.s. of Eq. (21) one can also use the conventional spectral decomposition:
Here we have used the standard definition for f
µ for V and A channels, ε Γ = 1 for S and P channels, while the polarization vector ε (k) µ satisfies the normalization condition:
Inserting the expression (23) into (21) and using the relation (25) , one obtains the decay constant f n Γ in the channel Γ for the nS state:
To derive the relations (23) and (28) 
where the average is assumed to be taken over the eigenstate ϕ n (r):
In the most general case this average may differ from the path-integral average ω i in Eqs. (4), (5), (8) . However, the analysis of this problem, done in Ref. [37] , shows that the difference between the two definitions is small ( < ∼ 3% for the lowest states) and we assume here that the same accuracy holds for our basic relation (28) .
In Eq. (28) the mass of the
is the e.v. of the Hamiltonian (22) with the static interaction (14) :
The general expression of the self-energy correction to the meson mass M(nS) is calculated in [35] (see Appendix E) (it comes from the NP contributions to the quark and antiquark mass):
where the factor η f (i) depends on the flavor of the i-th quark (antiquark) and its analytical expressions (E.2) are deduced in Ref. [35] . Thus, the scheme of our calculations of f Γ is as follows:
1. First, one calculates the e.v. M on of the SH (22) with the static interaction (14) and then takes into account the self-energy (32) and the HF corrections:
2. The values ω 1 and ω 2 in Eqs (28) and (32) , are the matrix elements (m.e.) of the kinetic energy term defined in Eq. (24). 
Here we use for the operators Y Γ the notations:
In the case of the P channel with both m 1 , m 2 → 0 due to CSB there appears an additional mass term in Eq. (35) , which can be computed through field correlators. (The π and K mesons will be considered later [27] ).
For the calculations of Y Γ one needs also to know the m.e. p 2 nS and the w.f. at the origin, ϕ n (0) = R n (0)/ √ 4π; they are given in Appendix D.
4. Our calculations are done with the relativistic SH (22) which was derived in einbein approximation (EA), therefore the w.f. at the origin must also be calculated with the use of the EA (see Appendix D), which provides an accuracy of < ∼ 5% [26, 37] . In the nonrelativistic limit, m i ≫ √ σ, one can easily find that ω i ≈ m i , while p 2 ∼ O(σ) can be neglected in Eqs. (35), and therefore
Thus in the nonrelativistic limit for f
Γ in the V and P channels one obtains the well-known result [1] :
while in the S channel f S → 0.
5. As a final step one needs to compute the radiative corrections to f n Γ , which come from the short-distance (large momentum) perturbative gluon contributions. Neglecting interference terms they can be written as in [20, 30] ,
with
where Z m is a regularization factor. After separating the Coulomb interaction inĤ in this way, one gets the correction to W σ , and f 2 Γ can be written in the form:
Another important contribution from perturbative gluon exchanges (GE) is the account of Asymptotic Freedom (AF) in the coupling constant α s in (40), which is especially important for the value of ϕ n (0) in the S-wave channels. In our calculations we use the GE interaction where in the strong coupling α B (r) the AF behavior is taken into account. Nevertheless, it is of interest to compare the w.f. at the origin with and without AF behavior in the GE term, introducing the factor ρ AF = ϕ
, which appears to be around 0.80 for the 1S states [20] . Then f 2 Γ (with AF taken into account) can be expressed throughf
6. We conclude this section with the discussion of the input parameters m i , α s and σ.
We take σ = 0.18 GeV 2 for all HL mesons (as in light mesons and in heavy quarkonia [38] ); m i are the conventional pole masses which are defined through the Lagrangian (current) masses in the MS-scheme (see [16, 39] and references therein):
We use here the pole masses presented in Table I . They correspond to the conventional current massesm c = 1.18 GeV andm b = 4.20 GeV while for the strange quark the pole mass, m s = 180 MeV is taken at the scale µ ≈ 0.5 GeV (r 0 ≈ 0.5 fm) and therefore it should be larger than the standard m s (2 GeV) ≈ 100 MeV [16] . For the u and d quarks m u = 5
MeV, m d = 8 MeV are taken.
One can see the essential difference between the input masses in our SH and the constituent masses used in the relativistic instantaneous Bethe-Salpeter Method [5] , and also in the spinless Salpeter equation [2] . The b, c, and s quark masses from [4] , where the relativistic Dirac Hamiltonian is used for a light quark, are not large and can be considered as the pole masses, while m u = m d = 71 MeV seem to be too large.
7. The coupling α st (r) in the GE term is taken here as the vector coupling α B (r) in background perturbation theory (in two-loop approximation) from [39] . At large distances this theory predicts saturation: α B (r) → α crit = const (this coupling α B (r) is in good agreement with lattice potential at small distances [40] ):
Here the background mass M B = 1 GeV can be expressed through the √ σ [38] , while the QCD constant Λ B is given by
It is of interest to notice that in our calculations of HL meson properties the value n f = 3 is strongly preferable.
In this way the problem is uniquely defined and no fitting parameters are introduced. The resulting masses and decay constants of HL mesons appear to be unbiased theoretical predictions which will be compared with recent experiments, lattice data, and other theoretical predictions.
III. MASSES OF HEAVY-LIGHT MESONS
In the relativistic SH a correct choice of the static interaction V 0 (r), which defines the e.v.
of the unperturbed Hamiltonian H 0 (31), is of great importance. Here, for all HL mesons we take the static potential from [38, 39] :
with σ = 0.18 GeV 2 , the number of flavors n f = 3, the vector coupling α B (r) (43) also
For this choice the saturated (critical) value of the vector coupling, reached at large r, is equal α crit (n f = 3) = 0.495, while at r ≈ r 0 = 0.5 fm, α B (r 0 ) ∼ = 0.43.
It is very convenient to start the calculations with the spin-averaged masses M cog (nL), b) The experimental numbers are taken from PDG [16] and [41] .
since these masses do not depend on any additional parameter. In contrast to M cog the masses of the singlet and triplet states depend also on the parameters defining the HF interaction, or for states with L = 0 the masses M(J P C ) depend also on the coupling α FS (µ FS ), which defines the fine-structure splittings, and these couplings are not well determined. In
Eq. (47)M 0 (nL) is the e.v. of Eq. (31) (see Tables II,V) .The self-energy term ∆ SE (nL) (32) and the string correction ∆ str (nL) = H str (D.12) are defined by analytical expressions and discussed in Appendices D and E.
The calculated M cog (1S), as seen from Table II , agree with the experimental numbers with an accuracy better than 5 MeV. It is of interest to notice that the difference
, which in experiment is 99 MeV, is only partly due to dynamical
MeV, but mostly occurs due to the difference in the SE contributions, equal to 60 MeV.
With the use of our number M cog (B c ) = 6315 MeV and M(B c ) exp = 6275(7) MeV [41] one can predict the mass of the vector state B * c (1
The masses of the triplet and singlet HL mesons are calculated taking into account the HF interaction which in general contains both perturbative and NP contributions:
where the P term with the one-loop correction is taken from [42] :
Here ρ = 5 12
ln 2 and for n f = 3, ρ(n f = 3) = 0.5635, so that the one-loop correction is about 6%. From here on for simplicity we use the notation ω 1 , ω 2 instead of ω 1 n , ω 2 n .
The NP contribution to the HF splitting was derived in [43] and with good accuracy it is given by the m.e.:
Here G 2 is the gluonic condensate, for which we take the value G 2 = 0.043 GeV 4 [43] , which provides the correct value of the string tension σ = 0.18 GeV B. In the case of large gluonic length, T g = 0.3 fm, the NP contribution ∆ NP HF appears to be larger, about 22 MeV, and therefore the coupling α HF can be taken smaller. In this case for the D and D s mesons the value α HF = 0.365 (rather close to that for the J/Ψ − η c splitting [46] ) gives rise to agreement with the experimental HF splitting. In Table III the calculated HF splittings both for T g = 0.2 fm and T g = 0.3 fm are given.
Taking the HF splittings from Table 3 the masses of the singlet and triplet states can be calculated; they are presented in Table IV (M cog (1S) are taken from Table II then the values M(2 1 S 0 ) and M(2 3 S 1 ), given in Table V , are obtained.
The triplet and singlet masses, calculated here, are rather close to those from [2, 4] , nevertheless for the 2 1 S 0 states our numbers are systematically lower by ∼ 30 − 50 MeV.
In this paper we do not consider orbital excitations of HL mesons, it will be done in our next paper. Still, we would like to notice that our values of M(B s1 ) and M(B s2 ) lie in the region 5.82 − 5.83, i.e., approximately by 100 MeV lower than in Ref. [4] and close to the recent experimental data [19] .
IV. DECAY CONSTANTS OF HEAVY-LIGHT MESONS
The general formula for the decay constants f 2 Γ (23) can be rewritten (later on we shall use the notation ω 1 , ω 2 for ω 1 , ω 2 ) as follows
which contains the w.f. at the origin R n (0) = ϕ n (0)/ √ 4π, the average kinetic energies ω 1 , ω 2 , the meson mass M n = M(nS), and also the m.e. p 2 in the factor Y Γ . All these auxiliary values are given in Appendix D (Tables IX and X) . Then the values of f P can be easily calculated. They are given in Table VI , together with the experimental, unquenched (2) n f = 2 + 1 this paper 210 (10) 260 (10) 182 (8) 216 (8) 
229(70) c) a)
The experimental values are taken from Ref. [17] .
b) BaBar data [18] c) Belle data [18] and quenched lattice data, and some other theoretical analyses.
From Table VI one can see that our central value of f B d is 15% smaller than the one in unquenched lattice QCD [13] , but rather close to f B in relativistic models [6, 7] .
For the analysis of experimental data on direct measurements of the leptonic decay, P → lν, it is important to know the ratios of the decay constants, which in our calculations are,
These ratios are in good agreement with recent lattice data (unquenched) [13, 15] and close to the experimental number obtained by the CLEO collaboration with f Ds /f D = 1.27 (14) [17]. It is of interest to compare these ratios with other theoretical calculations, which are typically smaller than our numbers, and also with recent lattica data (see Table VII ).
Due to the large theoretical errors in the ratios ζ D = f Ds /f D and ζ B = f Bs /f B (see Table VII) one cannot judge what is the true value of ζ D and ζ B , however, from our general One can compare our results for f P with other theoretical calculations (see Table VI ). The agreement with potential-model results [6, 7] is evident with the only exception for f P (B c ):
our number f P (B c ) = 439 MeV is about 30% higher, and is close to the one calculated in unquenched lattice QCD, where f P (B c ) (lattice) = 420 (20) MeV in [13] . A detailed analysis of f Bc (in the framework of the potential model and QCD sum rule approach with radiative corrections taken into account) [47] gives the value f Bc ≈ 400 MeV, which is approximately 10% lower than our number.
Finally, some remarks about decay constants in V channels. As seen from the expressions for Y V and Y P , f 2 V has to be larger than f 2 P (since M V and M P are close to each other), while p 2 enters with different signs
These ratios (for the ground states) are given in Table VIII . For the heavy B c meson this ratio is approaching unity.
From Table VIII one can see that our numbers for the vector decay constants are systematically lower than f V (central values) from Ref. 
V. APPROXIMATIONS
We discuss here the approximations we made and the accuracy of our results. The starting expression for the current correlator (8) Hamiltonian. The hybrid admixture was shown to be small, of the order of few percent for ground state mesons [48, 49] .
2) The use of the EA to define the w.f. at the origin and some m.e. The corresponding accuracy was checked in [37] and shown to be around 5%.
One should stress that the SH contains only well defined fundamental parameters: the pole quark masses, Λ QCD , and the universal string tension σ, and does not contain any fitting parameters, in particular, there is no overall constant often used in the static potential, or in the mass. The accuracy of the SH was checked for light mesons [24] , heavy quarkonia [25] , heavy-light mesons [26] , glueballs [50] , and hybrids [49] . In all cases meson masses are in agreement with experimental and lattice data with an accuracy of a few percent.
Concerning the decay constants f P , a special sensitivity occurs in the w.f. at the origin |ϕ n (0)| 2 , i.e., to the behaviour of the GE potential (or the vector coupling α st (r)) at small distances, not only in the AF region (r < ∼ 0.1 fm) but also in the region 0.1 fm < ∼ r < ∼ 0.3 fm, which in [39] (i) the behaviour of the spin-dependent part, in particular, the HF interaction, where smearing of the δ function can drastically change the wave function for systems of small size, R < ∼ 0.4 fm. For HL mesons with R > ∼ 0.6 fm this effect is becoming less important (for more discussion of the influence of the HF interaction see [51] ).
(ii) We estimate the accuracy of the resulting |ϕ n (0)| 2 better than ±5%. Thus the accuracy of our computed values of f P is expected to be < ∼ 8%, while the ratio of decay constant has better accuracy, < ∼ 4%.
At this point one should discuss the effects which were unaccounted for till now. First of all, this concerns the radiative corrections due to transverse gluon exchanges and higher loops. These corrections contain the (pseudo) evolution factor, governed by the operator anomalous dimension, and considered in [52] two decades ago,
One can estimate that when going from B to D mesons this factor changes only by 4%.
Nowadays the radiative corrections are done within HQET and known to three-loop accuracy [53] , e.g. for f D one has
where F (3) (m c ) is subject to the operator anomalous dimension correlations, and c 1 = −2C f etc. As a result, e.g. for the ratio f B /f D , one has [53] f From Eq. (58) it follows that in HQET the ratio f B /f D < 1 as it happens in relativistic models [2, 5, 6, 7] and also in our calculations where f B /f D ≈ 0.87(2), while in unquenched lattice data this ratio is larger than unity, but has large computational error (∼ 20%).
We now turn again to Table VI and discuss our results in comparison to other calculations. The first important point, which should be stressed, is that our input is minimal and fundamental, e.g. the pole masses in Table I correspond to the current masses quoted by PDG [16] . This is in contrast to many relativistic potential models with spinless Salpeter [2] or Bethe-Salpeter Hamiltonian [5, 7] , where the constituent quark masses are used as input.
In addition an overall constant is usually introduced in the interaction. In many respects our approach can be considered on the same grounds as lattice simulations, or the QCDsum-rule approach (where instead of σ several additional condensates are used). Moreover, the advantage of our approach is that excited states can be considered as well as the ground states. For excited states a quark (antiquark) of a given nL state has its characteristic "constituent" mass ω nL , which grows for higher nL. Due to this effect, and also to the negative string correction, in our approach the masses of the radial and orbital excitations appear to be smaller (∼ 20 − 40 MeV) than in other relativistic models (see Table V ).
Looking at 
VI. CONCLUSIONS
In this paper we have studied the current correlator G Γ (x) = j Γ (x)j Γ (0) and the integral J Γ = G Γ (x)dx in an arbitrary channel Γ with the use of the FFS path-integral representation. This method allows one to express decay constants f Γ (nS) for HL mesons through well-defined characteristics of the relativistic SH which was successfully used before in light mesons and heavy quarkonia.
It is essential that the SH does not contain any fitting parameters, being fully defined by universal fundamental values: the conventional pole masses, the string tension σ, and the strong vector coupling α st (r).
The analytical expressions, obtained here for f P , show that the decay constants f Ds and f Bs for the ground states have to be always larger by 20-25% than f D and f B because of the large difference between the pole (current) masses of the strange and light u(d) quarks.
This theoretical statement is supported by recent experimental data [17] .
In our analysis we have observed that (14) [17].
• Our decay constants f B = 182(8) MeV and f Bs = 216(8) MeV give the ratio f Bs /f B = 1.19(3) which agrees with a recent unquenched lattice number [11, 13] .
• In the V channel the ratio f V /f P is monotonically decreasing while going from the D meson to the heavier mesons: it is equal to 1.27(6), 1.17 (4) and introduces the einbein variable, or the dynamical mass, ω(t) as in (4), such that the function K can be rewritten as
In (Dz) xy , Eq. (3), there is an integration over the time components of the path, namely,
where T ≡ x 4 − y 4 . With the use of (4) one can rewrite the integration element in (A.3) as follows (t ≡ z 4 ),
Moreover, the δ-function in (A.3) acquires the form
where we have definedω
As a result in (A.1) one can integrate over ds using the δ-function (A.5), and rewrite ds(Dz) xy as it is shown in Eq. (5) of the main text.
Then one can write the Green's function as follows:
where K is given in (A.2), and l, l µ in Eq. (6).
The integration over d
Taking into account the relation,
one has for the scalar part G(x, y), defined by S = (m −∂)G, the following expression:
where we have used the relation following from the stationary point in the integral (A.9):
The expression (A.10) can be compared with the conventional integral,
which reduces to (A.10) after integrating over dp 4 for T > 0. The expression (A.12) is the standard form of the free propagator.
APPENDIX B: CALCULATION OF THE FACTOR Y Γ
Here we use and extend Appendix 1 of Ref. [20] , considering the quark propagator (1) in the gluonic field
acting on G(x, y), differentiates only the δ-function, δ x µ − y µ − N k=1 ∆z µ and can be rewritten as a derivative in ∆z µ (n):
Integrating by parts in the expression for G(x, y), one obtains
In the limit ε → 0, N → ∞ one has
and using the relation (4), one
where the r.h.s. of (B.3) is a symbolic writing implying that ω dzµ dt
should be under the integral in G(x, y) . Finally, when G(x, y) is expressed via the HamiltonianĤ ω (as in the definitions (19) and (21)), then one realizes that ω iż
µ and finds the relation:
which will be used throughout the paper.
As a check one can see that (B.4) yields the correct form of the free quark propagator in
Euclidean space-time.
Consider now a meson in the c.m. system and take into account that for a quark one has 5) and p
(1)
4 ⇒ ω 2 , while with the 3-momentum p, p
For the factor Y Γ (9) one obtains
Inserting Γ = 1, γ 5 , iγ µ γ 5 , γ µ in (B.7) one arrives at the expressions (35) for different channels.
APPENDIX C: CALCULATION OF THE PATH INTEGRAL FOR G Γ , (EQ. (8)), IN THE FREE QUARK CASE
To find the solution in the general case with W σ = 1 and an interaction depending only on the relative quark-antiquark coordinates, we separate here the relative and c.m. coordinates for any path-integral index k as follows:
with the Jacobians:
Here the notation (D 3 η) ab means the initial a and final b value of relative coordinate; in our case, evidently, for considered current correlator a = b = 0. Also in Eq. (C.3) we use the
. The quantity F 1 is defined as
Integration over dω + (k) can be easily done,
Thus at zero c.m. momentum one finds
At this point one can use the general relation [30, 36] (
Then for the free case,V (η) ≡ 0, the r.h.s. of (C.8) yields
Integrating first over dω r (k) and performing the steapest descent method (stationary point analysis) one obtains
For equal current masses m 1 = m 2 = m one has evidentlyω 1 =ω 2 = 2ω r , and from (C. 11) it follows that for the stationary point (for any k) 2ω r = p 2 + m 2 .
To compare (C.12) with the standard Feynman amplitude for the free quark loop, one can go to the momentum space,
This result proves our sequence of equations for the free case. For the case of interacting quarks, one should use in (C.8) the spectral decomposition in the infinite set of bound states, as it is done in the main text, Eqs. (23, 25, 28) .
APPENDIX D: THE RELATIVISTIC STRING HAMILTONIAN
We start with the relativistic SHĤ ω for a meson q 1q2 , taken in the most general form [22] :
Here ω r = ω 1 ω 2 /(ω 1 + ω 2 ) and m i (i = 1, 2) are the pole masses of a quark (antiquark) and
In the SH (D.1) taken from [22] we have added the GE potential,
. This can be done due to the property of additivity of the static potential in QCD [39, 40] .Ĥ ω depends on the variables ω 1 , ω 2 , and ν, which have been shown to be the canonical variables of the SH [26] , and therefore they can be defined from the extremum conditions. But first, instead of the operator p where
and the "string" part of the SH is
.
This term occurs only for the states with L = 0 and can be considered as a perturbation, because it gives corrections < ∼ 5% to the e.v. of the unperturbed Hamiltonian H From (D.7) it follows that
and therefore H (0) ω can be rewritten as
where V 0 (r) is just the same potential as in (14) . From (D.9) one can see that the kinetic term T R coincides with the one in the spinless Salpeter equation (SSE). The equation
defines the e.v. M 0 (nL) and e.f. ϕ nL (r). There are two essential differences between our SH
ω with the kinetic part
and many other papers where the SSE is used.
The first one is that in (D.11) the quark (antiquark) mass is the pole (current) mass and it is not considered to be a fitting parameter. In Table I we compare the input masses m 1 , m 2 used in (D.11) and the constituent masses from [2, 4, 5] .
The second difference refers to the string correction H str which can be rewritten as
Here
14)
The string correction to a meson mass, ∆ str (nL) = H str , can be calculated with the use of the expressions (D.12-D.14), in which ω 1 , ω 2 can be replaced by their averaged values with a good accuracy.
For light mesons with m 1 = m 2 = 0, ω 1 = ω 2 = ω, σ r = 2ω, and ζ = 1 2 , the second term in (D.12) is absent and
so that in this case (m 1 = m 2 = 0) the string correction,
just coincides with the string correction obtained in [24] for light mesons. It is important that due to the negative sign of the string correction the masses of P -and D-wave heavylight mesons appear to be 30 − 50 MeV smaller in our calculations than in other relativistic models which use the SSE equation [2] . In Table IX we give the values of the average kinetic energiesω 1 andω 2 , and the excitation energy ε(ω r ), which are needed to determine the self-energy contribution (32) to M cog (nS).
To calculate the decay constants f P and f V we need also to know the w.f. at the origin At this point we remind that the expressions (28, 35) for the decay constants have been derived in the EA approximation and therefore to have a consistent description one needs to take also |R n (0)| 2 and p 2 nS as calculated in the EA. In this approximation, instead of the extremum conditions (D.7), different conditions may be used, [26] , namely,
where in the EA we use the notationsω 1 andω 2 instead ofω 1 andω 2 . The mass M EA (nL) satisfies the equation,
where the EA Hamiltonian [26] is given by, 19) and has the same interaction V 0 (r) and the reduced mass is given byω r = (ω 1ω2 )/(ω 1 +ω 2 ). In the EA the values ofω i appear to be very close toω i , determined from the SSE (26) or (D.10). Therefore one can define ω i (nL), solving the SSE once and calculating the m.e. For the heavy B c meson δ R ≈ 20 MeV is essentially smaller.
APPENDIX E: THE SELF-ENERGY CORRECTION TO THE MESON MASS
The self-energy correction to the meson mass originates from the NP contribution to the squared quark mass m 2 q as a result of the spin interaction of a quark with NP background gluonic field [35] . It was shown that only due to the presence of this correction in the meson mass it is possible to obtain a linear Regge trajectory for light mesons [24] . With the use of the old result from [35] and the recent result from [54] it can be presented as ∆ SE (nL) = was calculated in the Simonov's paper [35] while the second, positive term is rather small and has been derived recently [54] . The analytical expression for η i f differs for a heavy quark with mass m q > T −1 g and m q < T −1 g , where T g is the gluonic (vacuum) correlation length which defines the behaviour of the bilocal vacuum correlators D(x) and D 1 (x) [21] . The value T g has been measured in lattice QCD and in the quenched approximation T g < ∼ 0.2fm [44] while in the unquenched case T g is larger (T g ≈ 0.30 fm) [45] .
Introducing the variable y = m q T g (for c, b quarks y > 1 and for u(d), s quarks y < 1) η f is given by the following expressions [35] : The contribution of the b quark to ∆ SE (E.1)) is about −1 MeV and can be neglected.
Finally, we notice that in the first term in (E.1) we use the number 1.5 instead of the number 2.0 derived in [35] (where η u(d) = 0.9 was taken, as well as in [24] ). This change is made because here we do not neglect the contribution of the correlator D 1 (x) as in the first paper of [35] . Instead at x = 0 we use the relation D(0) + D 1 (0) = π 2 18 G 2 , where G 2 is the gluonic condensate (the details are given in second paper of [54] ).
